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Nhis paper proposes a generalized concept of material behovior in the

resence of sharp notches or cracks, which embraces the notch-sirengthening

of small bars and the notch-weakening of iarge bars, Quantitative explana-

w of notch-strengthening of small bars follows from the experimental work

G. Sachs and others, and the interpretation of notch-weakening of large

bars, the geometric size effect, is obtainable with the help of Griffith-lrwin

approach using the strain-energy-release concept. Experimental notch

ength versus size curves for notch-tension and notch-bending tests are

plotted in an especially useful log-log co-ordinate system. An analytical

\xpression was derived to approximate the foregoing experimentally ob-

served, continuous variation of nofch strength. A relationship was_ derived

between the notch strength and relative noich deptW’for cylindrical tension

bors with different outside diameters. The plots indicate a continvity of
notch-strength behavior with varying size and varying notch depth.
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A Unified Interpretation of Room-Temperature

Strength of Notched Specimens as
Influenced by Their Size

Nomenclature
The following nomenclature is used in this
paper:
¢ = depth of notch, in.
d = notch dlameter, also gross depth of
beam, in.
D = outside dlameter of bar, in.
E = modulus of elasticity, psi
PATT = Charpy-V-notch fracture appearance {50
per cent fibrous) transition tempera-
ture, deg F
G = strain-energy release rate, in-1b per
sq in.
G, = fracture toughness, in-1b per sq in,
Goo = fracture toughness in the presence of

crack, in-lb per sq in,

net depth of beam at notch, in. =4 - ¢

pending moment, 1lb-in.

notch depth, ratio of area removed by

the notch to gross cylindrical area =

1 - (a/D)2 '

notch-strength ratlo in tension = S4/Sg

axial force, 1b

maximum axial force in a tension test,

1b

= coordinate difference = X, - Xy

coordinate difference = y, = yj

radius at the apex of notch, in.

stress, psi

notch-strength in tension test, psi =

Py/(ma2/1)

Sh = nominal bending stress at the notched ;
beam section of net depth h, psi =
M/(th?/6)

= notch-strength, psi

th s 0w
n

n
St = tenslle strength, psi
1 When this paper was written the author in-
cluded information and expressed opinions be-

lieved to be correct and reliable. Because of
the constant advance of technlcal knowledge, the
widely differing conditions of possible specific
application, and the possibllity of misapplica-~
tion, any application of the contents of this
paper must be at the sole discretion and respon-
sibility of the user,
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yleld strength, psi
thickness of beam, in.
co-ordinates

Poisson!s ratio

Introduction

In (1),° the authors have introduced the
Griffith-Irwin concept for the determination of
bursting speed of large, effectively notched
disks. A new physical quantity, "fracture tough-
ness," G, was experimentally determined from
bursting tests of such disks made from different
materials. The authors recognized that the mate-
rial behavior in notched disks may be clasqified
by using the over-all stress fleld near the notch
apex, at the bursting speed, and comparing 1t
with the tensile strength and yleld strength of
the material. This reasoning resulted in a some-
what arbitrary classification of material behav-
ior into ductile, quasi-ductile, quasi-brittle,
and brittle. Since then it was recognized that
the foregoing classification 1is useful and may
easily be adapted to apply to other configura-
tions, like tension tests on sharply notched
bars and on notched beams. In addition, a con-
sistent pattern of no‘ch-strength behavior
emerged in which the linear size of sharply
notched specimens, together with fracture tough-
ness G, became the defining parameters. In thils
paper the experimentally obtained "notch-strength-
versus-size" curves are presented for tension
tests of notched cylindrical specimens and for
bending tests of notched beams. A famlly of such
curves 1s plotted in an especially suitable log-
log co-ordinate system and the adopted classifi-
cation of material behavior 1is indicated in the
diagram. Using the Griffith-Irwin concept, in-
formative curves were plotted representing the
notch-tension strength of cylindrical specimens
as a function of relative notch depth,
Small Notched Tension Specimens Tested at Room
Temperature:

There exists considerable literature on the

e Underlined numbers in parentheses designate
References at the end of the paper,
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Fig.l Some formulae for strain-energy re-
lease rate,

subject of strength of relatively small notched
cylindrical tension specimens. Kunze in Germany,
McAdam, Sachs, Ripling, Baldwin and their co-
workers in the United States, have contributed
to a better understanding of the effect of geome-
try on the tension behavior of cylindrical,
notched specimens. Readers who intend to study
the foregoing will find references (15, 16, 17,
18, 19, 20, 24) useful.
Sachs and his co-workers performed tests on
_heat-treated AISI 3140, 4340 and recently also
on other low-alloy steels. Originally, cylindri-
cal diameters varied between 0.300 and 0.500 in.;
in later experiments diameters were increased to
3 in. Often, when notched bars are tested in
tension, after the maximum has been reached the
load P decreases until the bar fractures. Such
behavior under notched conditions indicates that
the material exhibits a degree of ductility (20,
Pig.2). It has been shown that under such condi-
tions, the relationship between the notch-
strength Sy and notch depth N is approximately
linear (15, p. 521); namely, it appears that for
50 per cent notches, the notch-strength Sd is
about 50 per cent higher than the unnotched ten-
sile strength st. and for very deep notches, al-"
most 100 per cent deep, 34 1s approaching twice
Sy This 1s shown in Fig.ll{a) by the straight
Jine ogm. Note that the foregoing applies only
when the notch is made very sharp and when the
notch angle is equal to or less than 45 or 60
deg. With increase in notch radius the notch-
strength S4 passes through a maximum and then
decreases as indfeated in Fig.11(a), curve ogn,
and 1n (15, Pig.!h. For still larger radii, and
for very deep notches, notch-strength S5 may
even approach St’ the tensile strength.
In case of steels with higher strength
level, gbove 150,000 psi and up to 290,000 psi,
notch strength deviates more and more from the

2

4POINT LOADING v : THICANESS OF BEAM %
NOTCH M+ BENDING MOMENT AT THE
e - NOTCHED SECTION. W -LB
ot v g
08, DEEP NOTCH 0521
3- POINT LOADING
05- CURVE & (7] NOTCH
o 4+ ¢
oab TURVE B N
0358
g -
03+ El
02 Sy¢ S% - NOMINAL BENOING STRESS AT
02 0.204 THE NOTCHED SECTION
- i) I T T T P
R a1 Skl (N 7L AN
oif
00628 (1, Eq 20)
0BT Bz 03 04 05 06 07 08 09 0

£
d

Fig.2 Strain-energy release rate for notched
beams.

straight-line relationship. If combined with
very small radii, the resulting notche-strength
ratio may decrease to below 1, and especlally
so when the notch depth 1s 50 to 60 per cent.

It appears that for the investigated range of
strength the effects of notch sharpness and
stress level are interchangeable (15, Fig. 5, 7,
10) and (20, Pig.6).

Increased specimen size results in a more
or less gradual deviation of the notch-strength
from the straight-line relationship, especlally
for the high-tensile-strength steels (17, Fig.8).
The combined effect of notch angle and notch
depth for sharp notches 1s presented in a discus-
sion by McAdam (12, Figs.16, 18). He indicates
that the straight-line relationship holds well
for angles less than 60 deg, for larger angles
a deviation 1s observed.

Griffith-Irwvin Quantitative Approach to Geometric
Size Effect

Application of Log-Log Co-ordinates. The
strengthening of notched tension, bars previous-
ly described 1s, as a rule, confined to bars
with small diameters. With increasing dlameter
the notch strength decreases and may become even
lower than the yleld §trength Sy. This notch
weakening 1s usually accompanied by complete sep-
aration of surfaces and by fast crack propaga-
tion. Often, the main fracture surfaces have a
smooth and shiny appearance indicative of cleav-
age fracturing and the fracture appearance 1s
termed commonly as "brittle" (see bibliography
4, 5, 6, 7, 35, 36, 37, 38, 39 in reference 1).

The lower notch strength of larger bars may
be qualitatively defined with the help of the
Griffith-Irwin approach (1, page 1647). Newer
references pertaining to this approach are (8, 9,
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FPig.3 Strain-energy release rate for notched
cylindrical bars.

10, 11). Reference (23) 15 another important
and very recent paper which discusses stable and
unstable cracks in shear without making use of
the Grirfith-Irwin approach, For completeness,
two definitions will be quoted from (1):

Fracture Toughness G.. The component of
work irreversidly absorbed in local plastic flow
to create a unit area of fracture, PFracture
toughness has also been referred to in the liter-
ature as "fracture extension force.,"

Strain-Energy Release Rate G. The quantity
of stored elastic strain energy released from a
cracking specimen as a result of extension of
the advancing crack by a unit area,

Fig. 1 summarizes some of the better known
expressions for strain-energy-release rate G
(Pig.4 of 1). BREquation (27) in (1) is an analy-
tical expression for G, for a notched-beam speci-
men with L-point loading

0 = [(1 -v3)/E, £(c/a) Spn (1)

The notched bend specimen and function (c/d) are
shown in Fig. 2, curve A, Equation (1) applies
to shallow, intermediate and deep notches.

The analytical expression for G for a
notched beam with 3-point loading was derived in
(12). The expression is the same as for the 4-
point loading, but f£{c/d) differs. Function
f{c/d) 1s plotted as curve B in Fig. 2.

In order to investigate the effect of slze
on strength of notched beams, a series of gradu-
ally increasing notched beams 1s tested in slow
bending. All dimensions increase proportionally
and the ratio c¢/d 1s maintalned constant. If we
assume ¢/d = 0.2, 1.e., if we choose a serles of
beams with 20 per cent notch depth and h = 0.8 d,
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Fig.4 Notch strength of cylindrical tension
specimens.

then for 3-point loading from curve B, Fig.2
f(c/a) = 0.317
Using Equation (1),
$p2d = 126 x 106 @ ps1 (2)
The strain-energy release rate G for a circular,

sharply notched bar in tension 1s as follows
(13):

¢ =[(1-v2)/E] flam) 592 (3)

where,
r{a/p) = (87¥)/(5 + 3NW)? (1)
Sq%d = GE F(4/D) (5)

F(a/D) = 1/ [(1 - yz)f(d/b)] and 542D = GE F2(N)
(6)

where
Fn) = [Ram)] /2 - my3/2

Functions f£{d/D) and F(d4/D) are plotted in Fig.3,
and F(N) 1s plotted in Pig.k., For N =1, i.e.,
for very deep notches f£(d/D) = n/8, For very
shallow notches 4/D 2 1, Equation (3) practical-
ly agrees with Irwin's equation (page 6 of 27},
if it 1s modified for plain straln.

If a particular specimen geometry 1s chosen,
e.g., the wldely used 50 per cent notch, then

d4/D = 0.707, N = 0.500

and from Equation (4) r{(d/D) = 0.297. Thercfore,
3
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Fig.5 Notch strength of 50 per cent notched ten-
sion specimens,

G =0.297 T(1 - 1'%)/E] S4°a (7
and, because d

¢ 0.7¢7 D, /=0.3, and E = 29 x
10° psi

[}

0.0066 x 10-6 542p

(2]
]

(8)

and

Sq2D = 152 x 106 G ps1 (9)
It is important to notice that Equations (12),
(13), (23) in (1), Equations in Fig. 1, and
Equations (1), (3), and so on have the same es-
sentlal form: "The product of square of stress
and of a linear dimension 1s proportional to the
strain-energy release rate." The foregolng may
be interpreted as follows. "If, a series of
tests 1s performed with proportional specimens
and, 1f, at the instant when the crack becomes
unstable and begins to propagate rapidly, all
dimensions, including the crack length (or -
notch) are proportional, then the product of a
nominal stress squared and of crack length is
proportional to strain-energy-release rate G."
But G at this instant becomes fracture toughness
Ge, which 1s assumed constant and a characteris-
tic of material. The inverse-square law which
states that 1t takes one halfl of the stress to
cause fracture when all dimenslons increase four
times, 1s usually designated the "“geometric size
effect”, (1, p. 1653),

It is helpful to plot S and d in a log-log
co-ordinate system with abscissa X = log d and
ordinates y = log S. For an assumed value of
G, and for a particular geometry any of the Equa-
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resentation.

tions (2, 9) will be represented by a stralght
1ine wlth a slope

tgX = dy/dx = - 1/2

A family of straight lines may be drawn, each
one for a different value of G,. Using Equation
(9) a number r° such straight lines were drawn

in Fig.5.

CONTINUITY OF MATERIAL BEHAVIOR IN THE
PRESENCE OF NOTCHES

Notch-Strength-Versus-Size Curves. We have
discussed the strength behavior of small notched
specimens at one end of the range of sizes and
the behavior of large notched specimens at the
other end of the range. It 1s possible to show
the notch-strengthening of small specimens and
the notch-weakening of large specimens on the
same plot. Such a combined plot becomes espe-
clally useful, 1if log-log co-ordinates, are used
for stress and for linear specimen size. This
is depicted in Fig.6, where besides the straight
line dc, also the yleld strength Sy. the tensile
strength S¢ and the notch strength S, are shown.
It appears to be Justified to assume that the
notch-weakening phenomenon which becomes evident
when the speclmen size 1s increased takes place
in a more or less gradual manner, Consequently,
it is supposed that the notch-weakening process
may be represented by the dotted line a b ¢ d.

Point a indicates the first noticeable de-
viation from the line S, and at point d the
notch-strength begins to follow the strailght line
sp = const., Points b and ¢ uare intersection:s
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with the two horizontal lines which correspond
to tensile and yleld strength, respectively. In
this manner an assumed curve a b ¢ 4 was made to
deplct the intermediate region of material be-
havior bridging the two extreme behaviors. The
sizes Dy and D, which define points a and d are
either obtained experimentally or must be esti-
mated. The curve "Sp a b ¢ d e 1s designated
here as "notch-strength-versus-size" curve.

The . foregoing inductive approach considera-
bly helps to visualige the behavior of sharply
notched specimens as influenced by their size.

A partial confirmation of this inductive reason-
ing, pertaining to materlal behavior in the
presence of notches, may be derived from two
sets of experiments with notched tension and
bend specimens which will be described in later
sections.

Many materials, when sharply notched and
when tested in small sizes at room temperature,
fracture at stresses above the tensile strength
S¢, as depicted by the straight line Sp in Fig.6
and by its continuation--curve a b, The small -
sizes are therefore notch-strengthened and the
material behavior may be designated as "ductile.”
However, for somewhat larger sizes the notch
strength decreases and falls between the tensile
strength and yleld strength along the curve b c.
It appears logical to designate the material be-
havior in the region b ¢ as "quasi-ductile."

For larger sizes the notch strength falls below
the yleld strength Sy, as indicated by the line
¢ d. Por still larger sizes the full geometric
size effect is evidenced because the notch
strength follows the straight line 4 e.

It 1s therefore consistent to describe the
material behavior in the region ¢ d as "quasi-

N 0 1% log (-%) ( . ,
o1 05 N 5 70 20 0
LINEAR SIZE D
=w

Fig.8 Notch strength versus size. Analytical

representation.

brittle"” and in the region below d as "brittle."

The foregoing classification of material be-
havior into "ductile,” "quasi-ductile,™ "quasi-
brittle," and "brittle" i1s arbitrary. Hqwever,
this classification appears to be consistent be-
cause the grouping is defined by means of the
"over-all" stress field which occurs at the incl-
dent of fracture in the vicinity of the notch.
Besides, these definitions naturally take into
account the gecmetric size effect. An applica-
tion of the foregoing may be found elsewhere (pp.
1645 and 1646 of 1). It is worthwhile to add
that an attempt to classify material behavior
similarly by means of fracture appearance will,
for the most part, not be satisfactory. The
main reason for this 1s that fracture appearance
depends not only on the notch geometry and on
the size of the specimen, but 1s also affected
to a considerable degree by the elastic strain
energy stored in the complete system which con-
sists not only of the specimen but includes also
the testing machine,

The complete "notch-strength-versus-size"
curve was originated to describe test results of
a series of very sharply notched but geometrical-
ly similar specimens. The relative position of
straight line 3, a in respect to tenslle strength
St, and the location of line d e in respect to
the abscissa, 1s defined only when these require-
ments are fulfilled. Fig.6 applies to a material
heat-treated to obtain a set of physical proper-
ties and which exhibits a corresponding fracture
toughness G,. Therefore, for a particular speci-
men geometry, only one notch-strength-versus-
size curve 1s abtainable, largely defined by the
particular values of St and G,. It 1s possible
to extend the concept of the single notch-
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strength-versus-size curve to a number of such
curves forming a family. Each of such curves
corresponds to a different G, value. Thils is
shown in Fig.7 for four different values of frac-
ture toughness Ggjy,Ge2, Ge3, @cu. Goy 1s DPracti-
cally 25 times as large as Geyo» because 1t 1is
proportional to square of the stress for the same
size. Of -course, all four curves are for identi-
cal specimen geometry. Neither the notch-
strength values rior the location of point a is
definite and may be best represented by a verti-
cally hatched area as shown in Fig.7. In draw-
ing the curves 1t was assumed that the four
points of tangency dj, dz, d3, dy occur at the
same stress level S;, below the yleld-strength
level sy.

The previously defined regions of material
behavior are extended in Flg.7 to embrace all
four curves. The cross-hatched area indicates
that notch strength is hardly affected by the
values of fracture toughness G,. On the other
hand, for large specimens, G, values define the
strength of sharply notched specimens and, for
the same size, the notch strength of bars in- -
creases with the square root of Ges. A specimen
about 0.4 in. diam has approximately 140,000 psi
notch-strength, practically irrespective of frac-
ture toughness values and behaves in a ductile
manner. In case of a rather low fracture tough-
ness Gcl' the material behavior enters the guasi-
brittle range at C;, when the specimen is about
2.3 in. dlam. However, if the same material has
been modified to result in a rather high fracture
toughness G.3, about 8 times G.), then the ma-
terial begins to behave in a quasi-brittle manner
at point C3, at a much larger diameter, about 17
in. A very high fracture toughness G,, defines
curve aby, which indicates that for practical
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purposes such a material behaves in a ductlle ¢~
quasi-ductile manner throughout a large range of
sizes. Specimen geometry, crack depth, and size
are not sufficlient to define material behavior
and, only when in addition fracture toughness 1s
specified, the material behavior in terms of
stress level becomes established. An important,
but not very obvious conclusion may be inferred
from the above discussion that theoretically, ir-
respective of the value of fracture toughness,
sharply notched specimens will exhiblt quasi-
brittle and even brittle behavior if the size

15 increased sufficliently.

Analytical Expression for Notch-Strength-
Versus-3ize Curve. Having visualized the ap-
proximate shape of the notch-strength-versus-
size curve, an approximate equation will be pro-
posed for such a curve, In Fig.8 a notch-
strength-versus-size curve abd is drawn, in a
log-log co-ordinate system with abscissa X = 1g D
and ordinates y = 1g S. It 1s prescribed that
the curve abd be tangent to the line ah (notch
strength) at point a and point 4 be tangent to
the inclined line hd, whose slope is tgek = - 1/2,
A parabola will fit the requirement that the
curve be tangent at points a and d.

v1-v=a[(x-x)/p] P2 (0)

The power of parabola is p/2q, 1t 1s equal
to2if p=U4, and 34 p= 6. If

hdb = 0,25q
hb = 0.300

P = lq,
p = 6q,

The author is indebted to Mr., W. G. Sweets
for the derivation of Equation (10).

Room-Temperature Tests on Proportional, Sharply
Notched Tension Bars

Room-temperature tests on a series of notch-
tension specimens are described in (4). Test
bars were taken from a heat-treated, 2.5 pct N1 -
0.55 pct Mo - 0.07 pct V forging known as materi-
al A, described in (2) and (14). The following
physical propertlies were reported in (14):

Sy = 82,000 psi, S¢ = 110,000 psi, elonga-
tion 5 to 20 per cent, RA 4 to 55 per cent, 50
per cent fibrous-fracture-appearance transition
temp. (Charpy - V) - 300 deg F.

The specimens were provided with a YS-deg
circumferential V-groove and had a 50 per cent
notch; i.e., the ratio of d to D was maintained
constant and equal to 0.707. The radius at the
bottom of the notch was sharp and was less than
0.003 in. There were 12 bars tested, two of
each of the following six dlameters: 0.250,




TABLE 1

TENSION TESTS OF NOTCHED BARS AT ROOM TEMPERATURE

45° Angle. Radius at Notch 0.003 in.
ntsade Notch Notch Manx. Average Avg. of
Dia. Dia. Area Load Stress Tesls

Across Notch

D d 1 Y Pm S, S4
an, an, ib ps: psi
150 778 50 3750 151,000
52 L1781 50 3720 149,000 1%0.000
402 L2038 50 9000 142,000
3985 L2852 49 s880 139,000 140,300
599 L4193 51 18100 131.000
598 .4203 51 14800 130,000 133,500
%00 . 6360 50 40400 127,000
19 . 6339 50 39000 124,000 125,500
300> . 9200 50 71400 108,000
300 .91 51 59800 92,000 100. 000
250 1.593 50 140000 73,000 2 N
250 1.600 49 148000 74,000 3. %00
From reference (4).
0.400, 0.600, 0.900, 1,300 and 2.250 in. The

test results are summarized in Table 1 and Flg.9
is a log-log plot of experimental data. The
plot is very similar to Fig.5 and the same equa-
tion (9) was used to draw the straight lines,
The notch strength S, for small specimens be-
comes about 155,000 psi which results in a notch
strength ratio of 155,000/110,000 = 1.42 gquite
close to expected ratio 1.50.

It is seen from Fig.9 that the notch-
strength-versus-size curve a b ¢ e, drawn
through the experimental points 1s quite simi-
lar to one of the famlly of curves in Fig.7.
However, nelther point a is definitely located,
nor 1s the point of tangency d between the pro-
posed curve and the straight line which deter-
mines the value of wanted fracture toughness G,.
It appears, however, that the six experimental
points permit defining the required G, with suf-
ficlient accuracy as 90 1lb-in/sq in. The dashed -
14ne was drawn using the estimated fracture
toughness G, = 90 1b-in/sq in. and this value
1s assigned to the foregoing forging in the lo-
cation where the specimens were removed.

A larger bar from the same forging with
D = 3.82 1n,, with a 50 per cent V-notch, and
0.007 in. notch radius was tested (5, p. 160).
Mis resulted in Sg = 73,000 psi and is included
In Pig.9. The larger notch radius causes a high-
or fracture strength and may be used to Jjustify
the choice of 90 in-1b/sq in. for the wanted G..
Mhe largest specimens with D = 2,25 in. fractured
it Sg = 73,500 psi, which i1s only slightly lower
than the yield strength Sy = 82,000 psi. To con-
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ture slow=band tests,

Room tempera-

firm that the geometrical size effect does take
place in accordance with Equation (9) it would
have been desirable to test at least one addi-
tional bar 5.0 in. in diameter.

With the help of the notch-strength-versus-
size curve in Fig.9 it was possible to divide
the material behavior into the three reglons;
namely, ductile, quasi-ductile and quasi-brittle,
using the horizontal lines which define the ten-
sile strength and yield strength of unnotched
specimens. It is of interest to note that these
tests, performed at room temperature, indicate
that the ductile behavior extends itself up to
1 in. diam, in spite of the considerably higher,
300 F PATT.

Slow Bend Tests on Notched Specimens

Room-temperature tests of a series of gradu-
ally increasing in size, sharply notched, beams
are described in (2) and (3). The test material
was taken from the same forging a as the notched
tension specimens (4). The range of gross beam
depth d varied from 3/16 to 8 5/8 in. and the
eross section was square. The beams had a 45-deg
included angle, 20 per cent depth of notch
(¢/d) = 0.2, the notch radii varied from 0.001
to 0.100 in. All tests were performed using 3-
point loading, and some of the tests are summar-
i{zed in Tables 2 and 3. In Table 2 are summar-
1zed results of tests on beams which were made
strictly proportional to a standard Charpy=-V im-
pact specimen whose dimensions are: 0.394 in. x
0.394% in., 45 deg V-notch, 0.010 in., radius.

The smallest beam was 0.197 in. x 0.197 in. and
the largest beam was ten times larger than
Charpy-V specimens.




In Table 3 are summarized results of tests
) a series of notched beams with all dimensions
roportional, except for the notch radii, which
iere made small, between 0.001 and 0.003 in.

Me smallest beam was 0.394 in. square and the
largest about 9.0 in. square. The nominal bend-
Ing strength S, at the notched-beam section 1s
»btained by dividing the maximum bending moment
it fracture by the section modulus of the net
section.

The test data are plotted in Fig.l0 which
ls a similar representation of notch-strength-
versus-size curve for bending as Fig.9 1s for
notched tension tests. Equation (2) was used to
iraw the straight lines. The nomlnal bending
strength of a 3/16 in. unnotched beam was deter-
nined (3) as 205,000 psi and 227,000 psi, Table
3. The average bending strength, 216,000 psi is
approximately twice 110,000 psi, the tensile
strength S;. The foregoing relationship between
bending arid tension strength 1s generally recog-
nized and the tests confirmed its applicability
to the Ni-Mo-V forging. Tenslile strength 1s not
a limiting stress for bending, since for small
bars which behave in a ductlile manner, when the
tensile strength is reached, the bar begins to
neck and the process of necking is not suffi-
ciently developed in the deformation accompany-
ing bending of square bars (21, 22). It appears
that the foregoing does not apply to the yield
strength and it 1s assumed that the yield
strength in bending of an unnotched beam 1is prac-
tically equal to the yleld strength in tension
of an unnotched specimen.

The series of notched-beam tests with dimen-
sions proportional to Charpy-V bar, summarized
in Table 2, are plotted in P1g.10. These tests
form a "proportional" series (double circles);
at each point the notch radius 1is given. It can
be seen that only a very small and gradual de-
crease of nominal bending strength with size
takes place. In other words, the standard
Charpy-V geometry does not lead to appreclable
notch-weakening due to geometrical size effect.
Also, 1t does not appear to be possible to as-
sign a reasonable, even 1f a very large value of
fracture toughness, to the curve representing
the proportional series. The serles of tests
with beams with small notch radii, between 0.001
and 0.003 in., but otherwise with proportional
dimensions, 1s ocummarized in Table 3 and plotted
in Fig.10 as the "high-aculty" series. This
series of tests indicates considerable notch
weakening, a 0.4-in. beam shows a drop of 20 per
cent from approximately 210,000 psi and an 8.62-
in. square beam with a 0.001-in. radius has a
notched beam strength of 43,000 psi, a fifth of
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TABLE 2-

BEND TESTS OF NOTCED SQUARE BEAMS AT
ROOM TEMPERATURE

ALL DIMENSIONS INCLUDING RAD:I - PROPORTIONAL
45°V_Notch. 20% Notch Deptr

1

Grose Notch Nomunal Compaete S.z¢
Deptr Radius Bending Strength Scparatio:. te.tor
et Fractars
d
r S, Avg.
i, an, P pe
187 . 005 205,000 No
J19T o0s 204,000 294.300 No
-39 .010 210,000 Yes Charpy
.39 .010 193,000 .04, 000 Yen
394 .010 217,000 Yes Dimensions
.39 .010 195,000 Yes
1.000 .025 182,000 Ye 2.3
. 182,500 > 2
i.000 .025 183,000 Yes
1.600 . 040 181,000 Yes 4.<
4.000 .100 177,000 Yes 10,0
{1 1n, waick)

* From refersnce (l_) Fig. 8 and reference (3) Table I,

TABLE 3»

BEND TESTS OF NOTCHED SQUARE BEAMS AT
ROOM TEMPERATURE
BEAMS WITH SHARP NOTCHES
45%, V.Notch, 20% Notch Depth

Gross Notch Nominal Bending Strength Complete
Depth Radius Separation
d r Sn at
Avg. Fracture

in, m, pal pa1

. 304 L0017 169,000 No

. 394 L0017 169,000 169.000 No
3/ 1o .003 198,000 No
3o L0013 210,000 201,000 No
/1. .003 194,000 No
3 .004 175,000 No
3.5 .003 175,000 175,000 No
3.5 .003 153,000 Yes
34 .003 153,000 153,000 Yes
1.0 . 0025 116,500 Yes
11,2 .003 107,000 Yes
e .003 102,000 104,500 Yes
4.C .003 60,300 Yes
8.¢c2 .001 43,000 Yes
4.0 .010 94,500 Yes
.94 L0225 66,000 Yes
LR Unnotcbeu 227,000
3 : 205,000 210,000

* From relerence (2) Fig. 8 and reference (_J_) Tables 1 and 1}

s Lt

the notch=-bending strength of a small beam.

The last three points in the high-aculty
series seem to define a straight line with suffi.
cient accuracy. The nominal notch-bend strength
S,, in the case of the 4 and 8.62 in. beams 1s




:11 below the yleld strength Sy. This indicates
1at the value of fracture toughness G,, defined
r the straight line as 115 in-1lb per sq in., 1s
1stified. Tests with "intermediate acuity" con-
lsted of 3 notched beams, 0.197 in., 4.0 in.

yd 8.94% in., with notch radii 0.005, 0.010 and
,0225 in. They are summarized in Tables 2 and
and plotted in Fig.1l0. The notch-strength-ver.
1s-81ze curve indicates again considerable notch
rakening with size. The notch-bend strength for
1e last point, 66,000 psi, 1s lower than the
leld strength, and thils test point together with
1e one which corresponds to the 4-in., beam de-
lne a straight line with G, = 280 in-1b per sq
1.

Again 1t is seen that the experimentally de-
'rmined notch-strength-versus-size curves Justi-
r the concept proposed in Fig.7 that there 1s a
yre or less gradual decrease in notch strength
*om small to large specimens.

The test results of the three series of
ytched beams from Ni-Mo-V "A" forging indicate
1at the nominal bending strength of small
ytched beams of square cross section 1is slight-
r lower than the nominal bending strength of un-
ytched beams; that 1s, the notch-strength ratio,
) bending of small beams, 1s slightly less
1:an unity and not considerably more than unity,
} 4t was in the case of notched tension speci-
ms. Therefore, the foregoing series of tests
1dicates that although the A steel exhibits, by
1finition, ductile behavior in a notched ten-
\on test, Fig.9, by the same definition, the
;eel does not behave in a ductile manner in a
ytched bend test. However, as in the notched
':nsion test, the quasi-ductile behavior 1is evi-
meced also in the bend test. It i1s confined to
1e region between the unnotched bending strength
14 the yleld strength. As in the notched ten-
lon test, the quasi-brittle and brittle behav-
s extend below the yleld strength.

1itch Strength of Circular Tension Specimens
.th Variable Notch Depth
The notch strength of circular tension spec-

lens with sharp, 50 per cent notches 1s plotted
1 P1g.9. It is of interest to determine the
rlation of notch strength S, with variation in
tch depth N while maintaining constant outer
ameter D and fracture toughness G,. Notch
rength Sy 1s obtailnable from Equation (6) with
e help of F (N) which is plotted in Fig.4.
acture toughness Gc was assumed 90 in-1lb per

in., the value determined in Fig.9 for materi-

A. The notch strength Sq was calculated for
ree conveniently chosen outer diameters, D =
1/4 in., 9 in. and 20 1/4 in. It was found ad-

vantageous to plot 53 as an ordinate and a func-
tion of increasing notch depth N, The results
are plotted in Pig.ll; curves ¢, d, and e were
calculated for notched bars with outer diameters
D=21/4, 9 and 20 1/4, respectively. It is
seen that the shape of these curves 1s defined
by the shape of the curve F (N) in Fig.%. For
notch depths between 0.35 and 0.65, notch
strength Sy 1s practically constant and has a
flat minimum., This minimum 1s especilally notice-
able in the case of the two large diameters. Be-
cause of flatness, this region of notch depths

is most useful for experiments designed to deter-
mine G;.

Equation (6) leads to infinite notch
strength for finite G, and for very shallow
notches, N 2 0, and for very deep notches N = 1.
Curves ¢, d, e are drawn in this manner, How-
ever, the foregoing is devoild of physical mean-
ing, and actual boundary conditions derived from
known physical behavior must be introduced. Ob-
viously, for unnotched specimens, when N = 0,
the notch strength S3 becomes either equal to
tensile strength St In case of small specimens
or, in case of much larger diameters, S4 ?ay be
somewhat lower, For the large sizes involved it
is assumed that the unnotched strength coincides
with point p in the middle between Sg and Sy.

In order to complete the curves, tangents were
drawn from point p to curves e, d and ¢. For
very deep notches, where N is practically 1, it
is assumed that all curves pass through point q
which coincides with tensile strength S;. It
must be understood that under some conditlons
point g may be located considerably higher than
the tensile strength, closer to points n or m,
and this may be especlally true when the notelh
radius is very small. As before, tangents were
drawn from point g to complete the curves peq,
pd and peq.

These curves in Fig.ll(a) describe the vari-
ation of notch-strength of specimens with three
different outer diameters made from materlal A,
equipped with sharp notches, for Gc = 90 in-lb
per sq in., when their notch depth N 1s varled
from 0 to 1. It follows that the notch strength
Sq decreases from the assumed value at p with in-
creasing notch depth, reaches a broad minimum
level, and then increases again when the notch
becomes much deeper. In case of large diameters,
5S4 decreases with increasing depth very rapildly,
almost abruptly, reaches a broad minimum and
again very rapidly increases to reach at least
the tensile strength st, or possibly a still
higher stress. In case of large dlameters the
minimum which the notch strength Sd assumes may
be only a fracture of the yleld strength Sy.
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tension.

or a fixed value of fracture toughness G,, a
erticular size (diameter D) may be found for
1ich the notch strength will be practically con-
tant throughout most of the depth variation.
b 4s seen that shallow and very deep notches
re not suitable for the determination of @Q,.
1e stresses in the neighborhood of the notches
re limited by the yleld and tensile strengths
ad therefore, the calculated fracture toughness
s too small, (1, p. 1653).

In case of a rather small notched bar, e.g.,
.1 in. diam, the notch strength Sy may follow
re lines ogm or ogn. FPFlg.9 shows that for D =
.25 in., 84 = 150,000 psi and for D = 0,75 in,,
= 124,000 psi. These values define points a
2d b, respectively, in PFig.l11l(a). In the ab-
snce of other data, 1t 1s assumed that the vari-
tion of notch strength for the two specimens
1y be represented by curves oamj and obmp which
1ss through the tensile stress S¢ and through
1¢ two experimentally determined points a and

A study of the famlly of curves beginning
1th the stralght-line ogm to the lowest curve
eq, indicates that there 1s a degree of continu-
ty in respect to the varlation of notch strength
I specimens with varying notch depth and with
acreasing size. The magnitude of this varlia-
fon of notch strength will depend on the sharp-
ess of the notch and on the value of fracture
soughness assoclated with the material.

Lo

Fig.l1(b) summarizes how notch strength S4
varles when the specimen diameter remains con-
stant, 20 1/4 1in., but the fracture toughness
assumes three different values G, = 90,360 and
720 in-1lb per sq in. As before, we assume that
the notch strength 1s limited by point p for
shallow notches and by point q for very deep
notches. Three curves are obtained, puq, pvq,
and pwq for the three assumed values of G,.
Curve pwq in Fig.ll(b) 1s identical with curve
peq in Fig.11(a). It follows from Fig.ll(Dd)
that the reglous of notch depth N, where the
Griffith-Irwin approach may be used, narrows
down considerably from 0.05 to 0.99 to 0.3 to
0.75 when G, increases from 90 to 720 in-lb per
sq in.

The author also has plotted the notch-
strength-versus-size curves for a uniformly
thisk plate in tension, symmetrically notched on
the outside. For this, a somewhat modified form
of Equation (6) in (1) was used. The same formu-
la was applied to plot notch-strength-versus-
notch depth curves, similar to Fig. 11. These
will be published at a later date.

A set of curves similar to those in Fig.
11(a) may be obtained for notched beams with the
help of Equation (1) and curves A and B in Pig.2.

£(c/a)s,%a

@ = [(1 - VZ)/E] [1 - (c/d)} ¢

and




22d = [0B/(1 - v 2)] V[l - (/e

(1)
e expression

P (c/a) = {1/[1 - (c/d)g}(c/d) } 1/2

8 a minimum for (c/d) approximately 0.30. In
her words, for a constant fracture toughness
, and total beam depth d, the minimum nominal
mnding stress Sp will be obtained for a 30 per
mt notch depth. A set of curves for notched

rams, similar to those in PFig.ll{a), 1s pre-
;mted in Pig.1l of (2).

It 15 of interest that, in the case of
>tched disks, the curves representing the net
7rerage tangential bursting stress as a function
{ the relative notch depth (1, Fig.ll) also
ave the same appearance as the curves for the
otch strength of cylindrical bars, Pigs.ll(a)
ad 12(b).

dditional Remarks Pertaining to Practure
oughness

The derived expressions for strain-energy-
elease-rate, G, postulate that the notches were
imilar to natural cracks and that linear elas-
icity applies. Therefore, to obtain f: cture
oughness experimentally in a manner consistent
dth its definition, 1t 1s necessary to test a
eries of proportional, small and large, speci-
iens equipped with cracks rather than with me-
hanically formed notches with finite curvature.
racture toughness obtained experimentally with
he help of cracks will be designated G,,. If
he specimens are equipped with very small radil, .
8.5 0.001 or possibly even 0.003 in., the ex-
erimentally obtained fracture toughness may be
ufficlently close to G,, to serve, for all prac-
ical purposes, as a substitute. This appears
o be the case in PFig.9, G, = 90 in-1b per sq in.
nd in Fig.10, for the hilgh aculty series, G, =
15 in-<1lb per sq in. Although both values may
e considered as practical substitutes for G.,,
ne was obtailned from tension experiments and
he other from bend tests. However, the values
ere obtained for the same material A at room
emperature, and 1t appears that this difference
f 28 per cent is somewhat large to be accounted
or by scatter. Only addltional tests with
atural cracks may help to dissolve the discrep-
ney.

Table 7 of (1l4) summarizes disk bursting
ests performed on the same materlal A. Disk
o. 8 was described as sound (no cracks) and it

had two radial notches with 0.005 in. radius, ex-
tending from the bore. The net average tangen-
tilal stress of bursting speed was 32,400 psi.
With the help of Equation (23) in (1), fracture
toughness was calculated as G, = 107 in-1ld per
sq in., which falls between 90 in-1b per sq in.
obtained for tension and 115 in-1b per sq in.,
for bending. This rather close agreement is
probably coincidental. Althoush the disk was
quite small, only 9 in. diam, 1 in. bore, and
3/8 in. thick, the net average tangential burst-
ing stress was only 40 per cent of the yleld
strength, 82,500 psi. This indicates that in
case of a8 low value of G.o, even a relatively
small disk may yleld quite satisfactory values
of fracture toughness.

The intermediate acuity series in Fig.l0
results in a much higher G, = 280 in-1b per sq
in., obviously because of larger notch radii.
This difference between the meaning of Gco and
of 0 obtained with manufactured notches must be
well understood.

It 1s rather difficult to separate the ef-
fect of notch curvature from the effect of size
on notch strength. Therefore, it appears logi-
cal to define the effect of decreasing notkh
radius on notch strength by determining experi-
mentally the resulting shift in G, to lower
values, caused by the change in curvature, The
proposal to assoclate the change in G, with a
change in notch radius of a series of specimens
i1s similar to the established procedure to de-
fine the degree of temper brittleness by means
of a shift in fracture appearance trans. temper-
ature. In the foregoing, it is tacitly assumed
that the absolute magnitude of notch radius rath-
er than the ratio of the radius to a characteris-
tic linear dimension defines the effect on the
notch strength.

It is obvious from Fig.7 that in order to
obtain a dependable value for G,,, 1.e., to de-
fine a straight line, 1t is advisable to extend
the size range far enough to obtain at least two
points which are below the yleld strength sy.

It 1s also apparent that for small values of Geo,
e.g., Gg1, any straight line with tgcl = - 0.5
passing through points like b3, ¢3, or d; will
result in an acceptable lower bound for “cl'
However, this ir not true for large values of
Geos ©.8. for Ge3. In this case a straight line
through point by may not be acceptable, but a
straight line through pc¢ ‘nt c3 may be satisfac-
tory as a lower bound fc - G¢3.

Summary
The formulas and the necessary curves for

the calculation of strailn-energy release rate
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fo:r sharply notched beams with 3 and 4-point
loading and varilable notch depth were summarized
in Fig.2. Curves and formulas which permit cal-
culation of strain-energy release rate for a
sharply notched cylindrical notched bar in ten-
sion were summarized in Pigs.3 and 4. It is
shown in Pig.5 that a log-log co-ordinate system
is especlally useful to represent the foregoing
relation, because the so~called "“geometric size
effect," is represented by a straight line with
a slope of ~ 1/2.

It appeared that the change of notch
strength was more or less gradual from the high-
er values for small specimens to substantlally
smaller values for large specimens. This led to
generalization of strength response to sharp
notches and resulted in the introductlon of the
concept of continuous material behavior as repre-
sented by the notch-strength-versus-size curves
shown in Pigs.6 and 7. The somewhat arbitrary
classification into ductile, quasi-ductille,
quasi-brittle and brittle material behavior on
the basis of notch-strength relationship to ten-
slle and -yield strength was proposed. It was
pointed out that in addition to specimen geome-
try and crack depth, the recently recognized and
important material property "fracture toughness"
is necessary in order to be able to establish
notch-strength dbehavior in terms of size. A
consequential, but not very obvious, conclusion
was inferred, that theoretically, irrespective
of the fracture toughness, sharply notched speci-
mens are expected to exhibit quasi-brittle and
even brittle behavior, if the size is increased
sufficiently, Fig.7.

Two informative, experimentally obtained,
room~temperature, notch-strength-versus-size
curves, were plotted in Flgs.9 and 10 -- for cyl-
indrical notch-tension bars and for notched beams.
In Fig.11{a) the notch strength of cylindrical
bars was plotted for different outer diameters
as a function of notch depth for a constant G.,
and in Fig.1l1(b) the notch strength is plotted .
for a constant outer diameter and for variable
G.. The two plots indicate a remarkable contin-
ulty of notch strength behavior with varying
slze and varying notch depth.

As a result of avallable evidence, it ap-
peared logical to introduce Gco' fracture tough-
ness obtainable for a series of test specimens
with natural cracks., It was indicated that a
shift to lower values of G, occurs when the notch
radil are decreased. It was emphasized that in
order to obtain experimentally a satlsfactory es-
timate of Gco' notches with the smallest possible
radil must be used. It seems that not only the
specimen dimension, but also the expected values
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of Gco will influence the choice of radii., It
was mentioned that in order to obtain a depend-
able value for G,q, 1.e., in order to define a
straight line, 1t is advisable to extend the
range of specimens into larger sizes, to obtain
at least two points with fracture stresses below
the yleld strength.

It 1s hoped that the interpretative analy-
sls of material behavior presented in this paper
will contribute to a better understanding of the
somewhat cloudy geometric size effect in the
presence of notches, and that it will stimulate
additional experiments to illuminate some of the
less understood phenomena.
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